The large value of the top quark mass implies that the rare top decays t → bW + Z, sW + Z and dW + Z, and t → cW + W − and uW + W − , are kinematically allowed so long as
Now that the top quark mass is known to be quite large, it is possible to examine the question of which rare decay modes of the top are kinematically allowed processes. The current CDF and D0 average value of the top quark mass m t = 175 ± 8 GeV [1, 2] implies that the decays t → bW + Z, sW + Z and dW + Z, are allowed decay modes of the top so long as m t ≥ m W + m Z + m d i ≈ 171.5 GeV + m d i . The rare decays t → cW + W − and uW + W
The partial decay widths for these rare decay modes rapidly increase for larger values of the top quark mass, and thus are very sensitive to the precise value of the top quark mass.
Since the decay widths are proportional to |V td i | 2 , i = 1, 2, 3, the rare decay t → bW + Z (with |V tb | 2 ≈ 1) will dominate unless the value of the top quark is below or nearly at threshold for this process.
We begin with the calculation of the partial decay width Γ(t → bW + Z) in the standard model. The branching ratio for this decay process has been computed previously by Decker, Nowakowski and Pilaftsis [3] and Mahlon and Parke [4] . * The authors of Ref. [4] included the finite widths of the W and Z in their calculation, and found a significant enhancement in the decay width near threshold due to finite width effects. There is some disagreement in the numerical results of Ref. [3] and [4] . The numerical results presented here are basically consistent with the published results of Ref. [4] in the narrow width approximation. There is some numerical difference with Ref. [4] which probably stems from the inclusion of finite width effects in that calculation. In addition, explicit analytic formulae for the squared amplitude of t → bW + Z are presented in this work. These formulae do not appear elsewhere in the literature, and are useful for more detailed studies of the decay mode. Finally, the decay widths for the other rare decay modes t → cW + W − and uW + W − also are computed.
A search for these decay modes directly tests CKM unitarity in the u-quark sector.
The rare decay t → bW + Z proceeds via the three tree-level graphs drawn in Fig. 1 . The amplitudes for these Feynman diagrams are
(1) * The decay process Q → qW Z also was considered in Ref. [5] for very heavy fourth generation quarks and exotics with mass ≥ 240 GeV.
The square amplitude |A 3 | 2 is 
The two interference terms A 1 A * 3 and A 2 A * 3 are
and
where
The above square amplitudes have been written in terms of k 1 and k 2 , and p t and p b , in order to exhibit the symmetries of the square amplitudes explicitly. The total square amplitude can be rewritten in terms of the three dot products ( 
where the invariant square masses m 2 ij = (p i + p j ) 2 are defined in terms of the momenta of the final particles, and the spin-averaged square amplitude
since one averages rather than sums over the top quark spin.
The partial decay width Γ (t → bW + Z) is plotted in Fig. 2 GeV. The branching ratio BR(t → bW + Z) also is plotted as a function of the top quark mass in Fig. 3 , assuming that the total width of the top quark is dominated by t → bW + ,
The CKM matrix element |V tb | 2 cancels out of the branching ratio. The branching ratio increases from zero for m t = 176 GeV to 1.0 × 10 −5 for m t = 200 GeV. † Although this † The value of the branching ratio for this value of m t is consistent with the result of Mahlon branching ratio is too small to be observed at the Tevatron, it is large enough to be interesting for the LHC which is expected to yield about a million fully-reconstructed top quark events per year [6] . The observability of this decay mode depends on the precise value of the top quark mass. The branching ratio is greater than 10 −6 for m t > ∼ 187 GeV. The extreme sensitivity of the branching ratio to the top quark mass implies that the decay mode could be used to extract or bound the top quark mass. The decay mode also is sensitive to the presence of the triple gauge vertex W + W − Z with the standard model coupling.
The rare decay t → bW + Z is at threshold for the present central value of the top quark mass, so the decays t → sW + Z and t → dW + Z could be more important if t → bW + Z is kinematically forbidden or just allowed. Alternatively, it might be possible to look at these modes by applying a tight cut on the invariant mass of the W + and Z momenta to exclude 
The spin-averaged amplitude squared is given by
where the factor of 1/2 comes from averaging over the top quark spin. Note that this square amplitude can be derived from Eq. (8) or (9). The amplitude squared can be rewritten in terms of the three dot products (p c · p W + ), (p c · p W − ) and (p W + · p W − ) of the final particle momenta by eliminating p t and k in the above formula.
The partial width for the decay mode t → cW + W − is given by the three-body phase space integral
where the invariant square masses m 
The integrand of Eq. (21) 
This GIM suppression can be made manifest by replacing the two d-quark propagators by
which implies that the integrand is multiplied by
Thus, the final formula for the partial width is 
